Inspired by Pełczyński's decomposition method in Banach spaces, we introduce the notion of Schroeder-Bernstein quadruples for Banach spaces. Then we use some Banach spaces constructed by W. T. Gowers and B. Maurey in 1997 to characterize them.
c
→ Y if X is isomorphic to a complemented subspace of Y , and X ∼ Y if X is isomorphic to Y . If n ∈ N * = {1, 2, . . . }, then X n denotes the sum of n copies of X. It is useful to define X 0 = {0}. Finally, if m, n are integer numbers, then m | n means that m divides n.
Suppose that X and Y are Banach spaces satisfying
→ X. In 1996 W. T. Gowers [6] solved the so-called Schroeder-Bernstein Problem for Banach spaces by showing that X is not necessarily isomorphic to Y . However Pełczyński's decomposition method [1, p. 64] states that X ∼ Y if we add to (1) the two conditions
This decomposition method has played an important role in the isomorphic theory of classical Banach spaces (see [1] ). So after the variety of solutions to the Schroeder-Bernstein Problem (see [2] - [7] ) it is natural to ask whether it is possible to determine all pairs of non-trivial conditions similar to those of (2) which added to (1) also yield X ∼ Y . To be more precise we define: Definition 1.1. We say that a quadruple (p, q, r, s) of natural numbers with p + q ≥ 2 and r + s ≥ 2 is a Schroeder-Bernstein quadruple (SBQ) if X ∼ Y for any Banach spaces X and Y satisfying (1) and the conditions (3)
The restrictions p + q ≥ 2 and r + s ≥ 2 are imposed to avoid the
We also say that ∆ = (p − 1)(s − 1) − rq is the discriminant of the quadruple (p, q, r, s).
Thus Pełczyński's decomposition method states that (2, 0, 0, 2) is a SBQ. The aim of this paper is to present a simple characterization of the SBQ in terms of their discriminant. To do this, the Banach spaces constructed by W. T. Gowers and B. Maurey in [7, p . 563] will be fundamental (see Remark 2.4).
The result.
Our characterization of the SBQ is given by Theorem 2.1. It follows directly from Propositions 2.5 and 2.6. In order to prove our propositions, we need some auxiliary results. We begin with a simple remark which will be used several times in this work.
Remark 2.2. Let X and Y be Banach spaces and (p, q, r, s) a quadruple of natural numbers with p + q ≥ 2 and r + s ≥ 2, satisfying (3). Then the discriminant of (s, r, q, p) is also ∆ and
Lemma 2.3. Let (p, q, r, s) be a quadruple of natural numbers with p > r, q > s, r + s ≥ 2, ∆ | (p + q − 1) and ∆ | (r + s − 1). Suppose that X and Y are Banach spaces satisfying (3) . Then there exist P, Q, R, S ∈ N such that either P ≥ R and Q ≤ S, or P ≤ R and Q ≥ S, satisfying
Proof. Let us start with two claims.
Indeed, we distinguish three cases: s = 0, s = 1 and s > 1.
Case 1: s = 0. Then ∆ = −p + 1 − rq and r ≥ 2. We write p = rm + n for some m ∈ N * and 0 ≤ n < r. By (3), Y ∼ X r and
Put P = n and Q = q + m. Thus P < R and according to (3) and (4), (d) is satisfied. Moreover,
So in this case Claim 1 is proved.
Case 2: s = 1. Hence ∆ = −rq and q > s = 1. We write p = rm + n for some m ∈ N * and 0 ≤ n < r.
Put P = n and Q = q. Thus P < R and according to (3) and (5), (d) is satisfied. Moreover,
Therefore in this case Claim 1 is also proved.
Step 3.1. Put
Subcase 3.1.1: p 1 ≤ r. Put P = p 1 and Q = q 1 + 1. Thus P ≤ R and according to (3) and (6) Hence in this subcase Claim 1 is proved. Otherwise
Subcase 3.2.1: p 2 ≤ r. Put P = p 2 and Q = q 2 + 1. Thus P ≤ R and according to (3) and (7) Otherwise p 2 > r, s < q 2 + 1 = q − 2(s − 1). Since s > 1, after a finite number of steps Claim 1 is proved.
Next, note that thanks to Remark 2.2, it follows from Claim 1 that the following claim is also true: 
Now we are ready to prove Lemma 2.3.
Step 1. Put R 1 = r and S 1 = s. By Claim 1, there exist
3 is proved. Otherwise P 1 < R 1 and Q 1 < S 1 .
Step 2. Put P 2 = P 1 and Q 2 = Q 1 . By Claim 2 applied in (8), there exist R 2 , S 2 ∈ N, with P 2 ≥ R 2 or Q 2 ≥ S 2 , such that the quadruple (P 2 , Q 2 , R 2 , S 2 ) satisfies (a)-(c) of Lemma 2.3 and
If P 2 = R 2 or Q 2 = S 2 then Lemma 2.3 is also proved.
Otherwise P 2 > R 2 and Q 2 > S 2 . Finally observe that R 2 < P 2 = P 1 < R 1 = r. So after a finite number of steps Lemma 2.3 is proved.
Remark i, j, k, l, t) , with i, j ∈ N * , k, l, t ∈ N and t ≥ 2, such that t does not divide j − i, 
Furthermore, since t does not divide j −i, it follows that We will prove (a) and (b). By symmetry, (c) is also true.
(a) Suppose ∆ = 0. Since p + q ≥ 2, there are three cases: p = 1, q = 1, p ≥ 2 and finally q ≥ 2.
Case 1: p = q = 1. By the definition of ∆, r = 0 and therefore s ≥ 2. Subcase 1.1: s = 2. Let X t be the Banach space mentioned in Remark 2.4, with t = 2. We take X = X t and Y = X 2 t . Hence (1) and (3) are satisfied, but X ∼ Y . Thus (p, q, r, s) is not a SBQ. 
Proposition 2.6. Suppose that (p, q, r, s) is a quadruple of natural numbers with
Proof. Let X and Y be Banach spaces satisfying (1) and (3). We will prove that X ∼ Y by considering the following six possible cases: p = r and s > q; p > r and s = q; p > r and s > q; p ≤ r and s ≤ q; p > r and s < q; and finally p < r and s > q.
Case 1: p = r and s > q. In this case it is also convenient to consider three subcases: r = 0, r = 1 and r > 1. 
Adding X ⊕ Y D−1 to both sides of (13) we deduce that
Hence, by induction we obtain
To continue we distinguish two possibilities: ∆ < 0 and ∆ > 0. (12) and (14) we conclude that
Again by induction, we get (12) and (14) we have
Therefore, once more, by induction it is easy to see that
Thus, it follows from (13) and (15) that
Let A be a Banach space satisfying (17) X ∼ Y ⊕ A. So, again by (13) and (16), 
Let B be a Banach space satisfying
Therefore from (19) and (21), X ∼ X ⊕ Y . Finally, again from (21), we get 
